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Distinguishing hadronically decaying boosted top quarks from massive QCD jets is an important
challenge at the Large Hadron Collider. In this paper we use the power counting method to study
jet substructure observables designed for top tagging, and gain insight into their performance. We
introduce a powerful new family of discriminants formed from the energy correlation functions
which outperform the widely used N -subjettiness. These observables take a highly non-trivial form,
demonstrating the importance of a systematic approach to their construction.
Boosted top quarks arising from decays of heavy res-
onances occur in many new physics models motivated
by the hierarchy problem, and are an important and
well studied signal at the Large Hadron Collider (LHC)
[1–8]. The problem of discriminating these boosted top
quarks, which exhibit a three-pronged substructure, from
the background of massive QCD jets has received consid-
erable attention in the jet substructure literature [9–20].
A variety of techniques have been tested in new physics
searches at the LHC [21–27], with one of the most effec-
tive discriminants being the N -subjettiness ratio observ-
able τ
(β)
3,2 [16, 17].
The construction of efficient discriminating observables
is typically guided by Monte Carlo simulations. While
Monte Carlos play an essential role at the LHC, this ap-
proach introduces dependence on non-perturbative tun-
ings, and often leaves unclear whether an optimal observ-
able has been identified. Only recently has a program
for analytic understanding of the simplest substructure
observables been developed [28–46], with more complex
variables, such as those required for boosted top tag-
ging, far beyond the current level of calculability. An
important question then is whether optimal discriminat-
ing observables can be predicted without requiring a com-
plete analytic calculation. In Ref. [47] it was shown that
power counting techniques, which incorporate the para-
metric predictions of soft and collinear QCD emissions,
can be used to make robust predictions about the behav-
ior of jet substructure variables, and provide a systematic
approach to identify optimal discriminating observables.
This was explicitly demonstrated by studying observables
for boosted Z boson identification. Power counting was
also used in [48] to study constraints on jet substructure
algorithms.
In this paper we extend the power counting analysis
of Ref. [47] to the case of boosted top discrimination.
By analyzing the phase space formed by the simultane-
ous measurement of three energy correlation functions,
(e
(α)
2 , e
(β)
3 , e
(γ)
4 ), we will show that power counting argu-
ments alone identify a powerful family of discriminating
variables, D
(α,β,γ)
3 . These variables outperform the N -
subjettiness observable τ
(β)
3,2 in both Pythia 8 and Her-
wig++. Their complicated form emphasizes the need
for a systematic approach to their construction, which is
provided by power counting.
The n-point energy correlation functions are [20]
e(β)n =
1
pnTJ
∑
i1<···<in∈J
(
n∏
a=1
pTia
)(
n−1∏
b=1
n∏
c=b+1
Ribic
)β
,
(1)
where pTJ is the transverse momentum of the jet, and
the angular exponent satisfies β > 0 for infrared and
collinear (IRC) safety. The boost-invariant angle R2ij =
(φi − φj)2 + (yi − yj)2, where φ is the azimuth and y
is the rapidity. Ref. [20] proposed the observables C
(β)
2
and C
(β)
3 for identifying two- and three-prong jets, re-
spectively, which are defined as
C
(β)
2 =
e
(β)
3
(e
(β)
2 )
2
, C
(β)
3 =
e
(β)
4 e
(β)
2
(e
(β)
3 )
2
. (2)
Recently, using power counting methods, Ref. [47] de-
fined a new observable for two-prong jet discrimination,
D
(β)
2 =
e
(β)
3
(e
(β)
2 )
3
. (3)
D
(β)
2 was shown to be more robust to a mass cut and
contamination in the jet than C
(β)
2 , as well as provid-
ing improved discrimination power. Applying the same
techniques to the problem of boosted top tagging leads
to the definition of D
(α,β,γ)
3 as we will discuss. This vari-
able exhibits considerably improved discrimination power
compared with C
(β)
3 .
At the high energy scales probed at the LHC, QCD
is approximately conformal, with jets being dominated
by soft and collinear radiation whose intrinsic energy
and angular scales are determined by measurements on
the jet. Power counting identifies the parametric scal-
ings associated with soft and collinear radiation, which
dominate the observable, allowing for robust predictions
about the behavior of substructure variables. Since the
predictions rely on parametric scalings, they must be re-
produced by any Monte Carlo generator.
To identify the optimal top tagger formed from the
energy correlation functions, we apply a power counting
ar
X
iv
:1
41
1.
06
65
v4
  [
he
p-
ph
]  
22
 Ju
n 2
01
6
2R12
R23
(a)
R12
R23
(b)
zsj
R12
(c)
FIG. 1: Three prong jet configurations (a) Triple Splitting, (b) Strongly Ordered Splitting, and (c) Soft Emission,
required to understand the (e
(α)
2 , e
(β)
3 , e
(γ)
4 ) phase space. The structure of dominant energy flow for each
configuration is shown in blue, as well as soft radiation (green), and radiation from the dipoles (orange, light blue).
analysis to the (e
(α)
2 , e
(β)
3 , e
(γ)
4 ) phase space. The simul-
taneous measurement of these three observables allows
for the resolution of up to three subjets within a jet,
as is required for discriminating boosted top quarks from
massive QCD jets. By studying the region of phase space
occupied by three prong jets, in particular the scaling of
its boundaries, the optimal ratio observable can be de-
termined.
The jet configurations with three resolved subjets that
are required to understand the boundaries of the phase
space are shown in Fig. 1. Each configuration, and its rel-
evant soft and collinear modes, will be discussed in turn.
For this analysis, we will assume that the angular expo-
nents α, β, and γ are all O(1) and not parametrically
different. Details of the motivation for a power count-
ing analysis and its application to hadronically-decaying
boosted W/Z/H bosons are provided in Ref. [47]. We
will provide some details of the phase space constraints
for the configuration in Fig. 1a to illustrate the proce-
dure, while for the other configurations, we will simply
state the results.
• a): Triple Splitting
Fig. 1a shows a three-pronged jet with no hierar-
chies between the angles or energies of the jets:
R12 ∼ R23 ∼ R13  1, and all subjets carry an
O(1) fraction of the jet pT . Then, the dominant
contributions to the two- and three-point energy
correlation functions are determined by the angles
between the hard subjets:
e
(α)
2 ∼ Rα12 +Rα23 +Rα13 ,
e
(β)
3 ∼ (R12R23R13)β . (4)
Therefore, this configuration populates the region
of phase space above e
(β)
3 ∼ (e(α)2 )3β/α.
The four-point energy correlation receives domi-
nant contributions from the radiation off of the
hard subjets. This radiation consists of collinear
emissions at characteristic angle Rcc, soft radia-
tion at large angles (shown in green), and radiation
from the subjet dipoles (called “collinear-soft” ra-
diation [49], shown in orange). Soft radiation has a
pT fraction zs and is emitted at O(1) angles while
collinear-soft radiation has pT fraction zcs and is
emitted at angles comparable to the separation of
the subjets, denoted by Rcs ∼ R12. Then, the dom-
inant contributions to the four-point energy corre-
lation function are
e
(γ)
4 ∼
(
RγccR
2γ
12 + zs + zcsR
3γ
12
)
(R12R23R13)
γ
.
(5)
With the assumption that the three-prong struc-
ture is well-defined, Rcc  R12 and zs  zcs  1,
in this region, the four-point energy correlation
function satisfies:
e
(γ)
4
(e
(β)
3 )
2γ/β
 1 . (6)
• b): Strongly Ordered Splitting
Fig. 1b shows a three-pronged jet with hierarchical
opening angles: R23  R12, but with all subjets
carrying O(1) of the jet pT . In addition to soft,
collinear, and collinear-soft modes, modes which we
call collinear-collinear-soft, emitted from the dipole
of the second branching (shown in light blue) are
required to describe the radiation in the jet.
This configuration populates the region of the
(e
(α)
2 , e
(β)
3 ) plane defined by e
(β)
3  (e(α)2 )3β/α. The
parametric scaling of the upper boundary for this
3region of phase space is found to be
e
(γ)
4
(
e
(α)
2
)3γ/α
(
e
(β)
3
)3γ/β  1 , (7)
which agrees with the scaling of the triple splitting
configuration for e
(β)
3 ∼ (e(α)2 )3β/α.
• c): Soft Emission
Fig. 1c shows a three-pronged jet in which one sub-
jet has a pT fraction which is parametrically smaller
than the other two: zsj  1. Soft, collinear, and
collinear-soft modes are required for the descrip-
tion of the two subjets with small opening angle.
Additional collinear-soft modes are required for the
description of the soft subjet, with characteristic pT
fraction, zsj .
Different hierarchies between the opening angle,
R12, and the soft jet pT fraction, zsj , identify dis-
tinct scalings. In the case that zsj  Rα12, the
upper boundary of the phase space region is given
by
e
(γ)
4
(
e
(α)
2
)2γ/β−1
(
e
(β)
3
)2γ/β  1 , (8)
while for zsj  Rα12, we have
e
(γ)
4 (e
(α)
2 )
2β/α−γ/α
(e
(β)
3 )
2
 1 . (9)
The power counting analysis in this soft jet region
also suggests that optimal behavior for the observ-
able requires β, γ <∼ 1, where regions with distinct
scalings are well separated.
In addition to these three configurations, there are
other phase space regions to consider; for example, there
is also a three pronged structure corresponding to two
soft subjets coming off of a hard central core. However,
all other phase space regions are fully contained within
the three listed above, and so do not provide additional
constraints. Finally, we leave for future work the investi-
gation of the structure of the phase space when the jets
have one or two prongs, since detecting the three-pronged
structures is most important for the boosted top analysis.
To construct a variable which discriminates between
boosted top quarks and QCD jets, we use the fact that
top quark jets will primarily populate the three prong re-
gion of phase space, while QCD jets will primarily pop-
ulate the one or two prong regions. We therefore wish
to find a variable which is small in the three prong re-
gions of phase space, and which becomes large outside
these regions. The variable must interpolate between the
three different scalings we have found, and therefore we
consider the sum,
D
(α,β,γ)
3 = (10)
e
(γ)
4
(
e
(α)
2
) 3γ
α
(
e
(β)
3
) 3γ
β
+ x
e
(γ)
4
(
e
(α)
2
) 2γ
β −1
(
e
(β)
3
) 2γ
β
+ y
e
(γ)
4
(
e
(α)
2
) 2β
α − γα(
e
(β)
3
)2 ,
where x, y are as of yet undetermined constants. We
choose this summed form because it is the simplest com-
bination that smoothly interpolates between the different
three-pronged phase space regions. This interpolation is
necessary to robustly define the boundary of the three-
prong region of phase space, where signal lives, from the
rest of the phase space, where backgrounds live. For com-
pactness in the text, we will often write D3, omitting the
angular exponents. The power counting of the constants
is determined by demanding that in the transition re-
gion, e
(β)
3 ∼ (e(α)2 )3β/α, each term in the sum has the
same power counting. Using the fact that e
(α)
2 and the
jet mass are related on the e
(β)
3 ∼ (e(α)2 )3β/α boundary,
and assuming a tight cut on the jet mass in a window of
the top quark mass, we find
x = κ1
(
(pcutT )
2
m2top
)(αγβ −α2 )
, y = κ2
(
(pcutT )
2
m2top
)( 5γ2 −2β)
.
(11)
Since only the scaling of x, y are determined by the
power counting, an O(1) tuning of their values can be
performed, and is represented by the variables κ1, κ2 ∼ 1.
Here pcutT is a proxy for the average jet pT , which is dic-
tated by the imposed cuts due to the steeply falling pT
spectrum. Contours of D3 in the (e
(2)
2 , e
(β)
3 , e
(γ)
4 ) phase
space are shown in Fig. 2.
For α = 2, a cut on the jet mass gives a simple restric-
tion on the phase space, due to the relation
e
(2)
2 ∼
m2J
p2TJ
. (12)
In this case, a narrow cut on the jet mass effectively re-
duces the three dimensional (e
(2)
2 , e
(β)
3 , e
(γ)
4 ) phase space
to the two dimensional (e
(β)
3 , e
(γ)
4 ) phase space, as shown
in Fig. 2. Away from α = 2, the constraint from the
jet mass cut slices out a region of the phase space with
complicated e
(β)
2 dependence, and is expected to reduce
the discriminating power of the variable [47]. It would
potentially be interesting to investigate the behavior of
D3 for α 6= 2, however, this is beyond scope of this pa-
per. Because of these considerations, we will restrict our
attention to the variable D
(2,β,γ)
3 .
To test the discriminating power of D3 we simulated
pp→ dijets and pp→ tt¯ events at the 8 TeV LHC, with
4D
(2,β,γ)
3
Jet Mass Cut
e
(β)
3 ∼ (e(2)2 )3β/2
1.0
1.0
1.0
0.0
e
(2)
2
e
(γ)
4
e
(β)
3
FIG. 2: Phase space defined by the energy correlation
functions, with contours of D
(2,β,γ)
3 , and showing the
effect of a jet mass cut.
( )
< < > =
( )=( )
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FIG. 3: Signal and background distributions for D3 for
the Pythia 8 samples. Here, the parameters of D3 are:
α = 2, β = 0.8, γ = 0.6, and x = 5, y = 0.35.
both tops decaying hadronically. Events were generated
and showered with Pythia 8.183 [50, 51] or Herwig++
2.6.3 [52–55]. Fat jets with R = 1 and pT > 500 GeV
were clustered in FastJet 3.0.3 [56] with anti-kT [57],
using the Winner Take All (WTA) recombination scheme
[42, 58–60]. The energy correlation functions and N -
subjettiness ratio observables were calculated using the
EnergyCorrelator and Nsubjettiness FastJet con-
tribs [56, 61].
Fig. 3 shows signal and background distributions for
the variable D3, as measured in Pythia 8, which ex-
hibit good signal/background separation. We have used
angular exponents α = 2, β = 0.8, γ = 0.6, and x = 5,
y = 0.35. No thorough optimization over these parame-
ters has been explored, with α = 2 to provide interpre-
tation of e
(2)
2 as the mass and the other values motivated
by power counting and improving discrimination power.
It is envisioned that optimization could be explored for
particular situations, for example, for different pT bins
or in the presence of pile-up.
In Fig. 4 we compare the signal vs. background effi-
ciency (ROC) curves of D3, defined with the same pa-
rameters as used in Fig. 3, with those of C
(β)
3 and τ
(β)
3,2
for β = 1, for which these variables are known to ex-
hibit optimal performance [16, 17, 20]. D3 exhibits the
best performance over the entire range of signal efficien-
cies in both Pythia 8 and Herwig++, with noticeable
improvement in discrimination power at higher signal ef-
ficiencies. The effect of the mass cut is not included
in the efficiencies. Power counting alone does not pre-
dict the relative performance of D
(α,β,γ)
3 and τ
(β)
3,2 , which
is determined by O(1) numbers. However, the power
counting analysis shows that the energy correlation func-
tions (e
(2)
2 , e
(β)
3 , e
(γ)
4 ) provide a well-defined parametric
separation of the phase space, which is not true for N -
subjettiness [47]. This could be the explanation for the
improved discrimination power of D3.
An unambiguous prediction of power counting is
that D
(α,β,γ)
3 should provide much better discrimination
power than C
(β)
3 , which does not respect the different
scalings of the phase space. This fact is evident from
the signal versus background curve, with D
(α,β,γ)
3 signif-
icantly better than C
(β)
3 at all efficiencies. In Ref. [20],
it was conjectured that the poor discrimination of C
(β)
3
was due to a proliferation of angular factors in the higher
point energy correlation functions. However, we have
shown that this is not the case, and that the use of power
counting techniques can play an important role in con-
structing powerful jet substructure observables.
The observable D3 identifies the parametric scalings
in the energy correlation function phase space using an
understanding of the behavior of QCD. Each term in the
observable is associated with a physical configuration of
subjets, and therefore is highly flexible, facilitating tun-
ing for improved behavior under the addition of pile-up
radiation, or in conjunction with grooming techniques.
We envision that this level of flexibility can be utilized
to optimize boosted top tagging much as is done with a
multivariate analysis, but using a variable whose scalings
are robust predictions of QCD.
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FIG. 4: Signal vs. Background efficiency curves comparing C
(1)
3 , D
(2,0.8,0.6)
3 , and τ
(1)
3,2 from Pythia 8 (left) and
Herwig++ (right) samples.
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